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Graduate School Event

Thesis Defense: Pursuit of Truth and Beauty in
Lean 4

Martin Dvorak (Kolmogorov Group)
Kolmogorov Group

Host: Michael Sammler

This thesis documents a voyage towards truth and beauty via formal verification of theorems. To this end,
we develop libraries in Lean 4 that present definitions and results from diverse areas of MathematiCS
(i.e., Mathematics and Computer Science). The aim is to create code that is understandable, believable,
useful, and elegant. The code should stand for itself as much as possible without a need for
documentation; however, this text redundantly documents our code artifacts and provides additional
context that isn't present in the code. This thesis is written for readers who know Lean 4 but are not
familiar with any of the topics presented. We manifest truth and beauty in three formalized areas of
MathematiCS.We formalize general grammars in Lean 4 and use grammars to show closure of the class
of type-0 languages under four operations; union, reversal, concatenation, and the Kleene star.Our
second stop is the theory of optimization. Farkas established that a system of linear inequalities has a
solution if and only if we cannot obtain a contradiction by taking a linear combination of the inequalities.
We state and formally prove several Farkas-like theorems over linearly ordered fields in Lean 4.
Furthermore, we extend duality theory to the case when some coéfficients are allowed to take “infinite
values”. Additionally, we develop the basics of the theory of optimization in terms of the framework called
General-Valued Constraint Satisfaction Problems, and we prove that, if a Rational-Valued Constraint
Satisfaction Problem template has symmetric fractional polymorphisms of all arities, then its basic LP
relaxation is tight.Our third stop is matroid theory. Seymour's decomposition theorem is a hallmark result
in matroid theory, presenting a structural characterization of the class of regular matroids. We aim to
formally verify Seymour’s theorem in Lean 4. First, we build a library for working with totally unimodular
matrices. We define binary matroids and their standard representations, and we prove that they form a
matroid in the sense how Mathlib defines matroids. We define regular matroids to be matroids for which
there exists a full representation rational matrix that is totally unimodular, and we prove that all regular
matroids are binary. We define 1-sum, 2-sum, and 3 sum of binary matroids as specific ways to compose
their standard representation matrices. We prove that the 1-sum, the 2-sum, and the 3-sum of regular
matroids are a regular matroid, which concludes the composition direction of the Seymour's theorem.
The (more difficult) decomposition direction remains unproved.In the pursuit of truth, we focus on
identifying the trusted code in each project and presenting it faithfully. We emphasize the readability and
believability of definitions rather than choosing definitions that are easier to work with. In search for



beauty, we focus on the philosophical framework of Roger Scruton, who emphasizes that beauty is not a

mere decoration but, most importantly, beauty is the means for shaping our place in the world and a
source of redemption, where it can be viewed as a substitute for religion.
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This invitation is valid as a ticket for the ISTA Shuttle from and to Heiligenstadt Station.
Please find a schedule of the ISTA Shuttle on our webpage:

https://ista.ac.at/en/campus/how-to-get-here/ The ISTA Shuttle bus is marked ISTA Shuttle
(#142) and has the Institute Logo printed on the side.
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